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Littlewood-Paley
$T$( $f_{1},$ $f_{2},$ $\ldots$ , fm)(x)= $\int$0\infty ((\mbox{\boldmath $\varphi$}dt*f $(x)(( \varphi_{2})_{t}*f_{2})(x)\cdots((\varphi_{m})_{t}*f_{m})(x)b(t)\frac{dt}{t}$,
, $\varphi_{j}(x)\in L^{1}(\mathrm{R}^{n})$ , $j$ [ $\int_{\mathrm{R}^{n}}\varphi_{j}(x)dx=0$
, $b(t)\in L^{\infty}(0, \infty)$ . , , $\mathrm{R}^{n}$ $f(x)$ $t>0$ ,
$f_{t}(x)=t^{-n}f(x/t)$ . $\varphi*f$ $\varphi$ $f$ . Poisson $P(x)=c_{n}(1+$
2)- $\psi(x)=\underline{\partial}P_{t}(\underline{x)}\ovalbox{\tt\small REJECT}|_{t=1}$ ,
$( \int_{0}^{\infty}|(\psi_{t}*f)(x)|^{2}\frac{dt}{t})^{1/2}$
, $\mathrm{R}^{n}$ Littlewood-Paley $g$ .
, Fourier Multiplier
$M_{\sigma}(f_{1}, f_{2}, \ldots, f_{m})(x)$
$= \frac{1}{(2\pi)^{nm}}\int_{(\mathrm{B}^{n})^{m}}e^{\dot{w}\cdot(\xi_{1}+\xi_{2}+\cdots+\xi_{m})}\sigma(\xi_{1},\xi_{2}, \ldots,\xi_{m})\hat{f}_{1}(\xi_{1})\hat{f}_{2}(\xi_{2})\cdots\hat{f}_{m}(\xi_{m})d\xi_{1}d\xi_{2}\cdots d\xi_{m}$ .
, $\sigma(\xi_{1},\xi_{2}, \ldots, \xi_{m})$ , , .
| 0\sigma (\mbox{\boldmath $\xi$}b $\xi_{2},$ $\ldots,$ $\xi_{m}$ ) $|\leq C_{\alpha}(|\xi_{1}|+|\xi_{2}|+\cdots+|\xi_{m}|)^{-|\alpha|}$ , $|\alpha|\leq nm+1$
on $(R^{n})^{m}\backslash \{(0,0, \ldots, 0)\}$ .
, , $\mathrm{C}\mathrm{a}\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{r}6\mathrm{n}$-Zygmund .
$T_{K}(f_{1}, f_{2}, \ldots, f_{m})(x)$
$= \mathrm{p}.\mathrm{v}.\int_{\mathrm{R}^{nm}}K(x-y_{1}, x-y_{2}, \ldots,x-y_{m})f_{1}(y_{1})f_{2}(y_{2})\cdots f_{m}(y_{m})dy_{1}dy_{2}\cdots dy_{m}$ .
, $K(x)$ , , .
(i) $\int_{\mathrm{S}^{nm-1}}K(y_{1},y_{2}\ldots,y_{m})dy_{1}dy_{2}\cdots dy_{m}=0$,
(ii) $|K(y_{1},y_{2}\ldots,y_{m})|\leq C/(|y_{1}|+|y_{2}|+\cdots+|y_{m}|)^{nm}$ ,
(iii) $|\nabla K(y_{1},y_{2}\ldots,y_{m})|\leq C/(|y_{1}|+|y_{2}|+\cdots+|y_{m}|)^{nm+1}$ .
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3 , Coifman-Meyer [3, 4, 5] ,
. Coifman-Meyer [3, 4, 5] , \emptyset $1<p_{j}$ $<|$
.
$\infty(j=1,2, \ldots, m)$
$p_{0}\geq 1$ : $1/p_{0}=1/p_{1}+\cdots$ l/p $L^{\mathrm{P}1}\cross L^{p2}\cross\cdots\cross If^{m}arrow L^{\mathrm{P}0}$
. Grafakos-Torres [7] , , $\mathrm{A}$ ‘
, , Calder\’on-Zygmund
Fourier multiplier , $p_{0}\geq 1$ , , $p_{0}>1/m$
. ( $nm+1$ V
$\mathrm{a}$
, , Yabuta [16] ) , Littlewood-Paley $\mathrm{A}\mathrm{a}$ ,
SatO-Yabuta[13] , $b(t)\equiv 1$ , .
, Grafakos-Torres Fourier
multiplier . , $n=1,$ $m=2$ .
$\mathrm{A}$ ‘
2 Fourier multipher, , Calder\’on $C(a, f)$
2 Hilbert $H_{\mathit{8}}(a, f)$ .
$C(a, f)(x)=\mathrm{p}.\mathrm{v}$ . $\int_{-\infty}^{\infty}\frac{\int_{y}^{x}a(u)du}{(x-y)^{2}}f(y)dy=$ .
$H_{s}(a, f)(x)= \mathrm{p}.\mathrm{v}.\int_{-\infty}^{\infty}\frac{a(x-s(x-y))}{x-y}f(y)dy$.
2 Fourier multiplier $\sigma_{C},$ $\sigma_{H_{l}}$ {
$\sigma_{C}(\xi, \alpha)/(-\pi i)=\{1-(1-|\frac{\xi}{\alpha}|)^{+}\}\mathrm{s}\mathrm{g}\mathrm{n}\xi+(1-|\frac{\xi}{\alpha}|)^{+}\mathrm{s}\mathrm{g}\mathrm{n}\alpha$
$\sigma_{H_{\epsilon}}(\xi,\alpha)/(-\pi i)=\mathrm{s}\mathrm{g}\mathrm{n}(\xi+s\alpha)$
Fig 1. $\sigma_{C}(\xi,\alpha)/(-\pi i)$ Fig 2.
$\sigma_{H_{*}}(\xi,\alpha)/(-\pi i)$
Calder\’on $C(a, f)\}$ $\mathrm{A}\mathrm{a}$ { C. P. Calder\’on [2] 1 , $1<p_{1},p_{2}<\infty$ ,
$p_{0}>1/2$ : 1/ $1/p_{1}+1/P2$ $L^{\mathrm{P}1}\cross L^{p2}arrow L^{\mathrm{P}0}$ $\ovalbox{\tt\small REJECT}$ \leq
. , 2 Hilbert $H_{s}(a, f)$ , Lacey-Thiele [10,
11] , $>2/3$ ,
$\mathrm{A}\mathrm{a}$ ( , $s\neq 1$).
2/3 , .
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, $\sigma c(\xi, \alpha)$ 0 , $C^{2}$ ,
$H_{\delta}(a, f)$ 0 $C^{2}$ , .
, Calder\’on 2 Fourier multiplier
, . (Yabuta [15]
$r\geq 1$ ). T , .
Theorem 1. Let $\sigma(\xi, \alpha)$ be a continuous and homogeneous function of degree zero in
$\mathrm{R}^{2}\backslash \{(0,0)\}$ , such that $\omega(\theta)=\sigma(\cos\theta,\sin\theta)$ is differentiable except atmost coutably many
points and $\omega’(\theta)$ is of bounded variation on $[0, 2\pi]$ . Let $T$ be the bilinear Fourier multiplier
defined by
$T(f,g)(x)= \frac{1}{(2\pi)^{2}}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}e^{ix(\xi+\alpha)}\sigma(\xi,\alpha)\hat{f}(\xi)\hat{g}(\alpha)d\xi d\alpha$.
Ihen, for $1<p,q<\infty$ , and $r: \frac{1}{r}=\frac{1}{p}+\frac{1}{q}$ , there exists $C>\mathrm{O}$ such that
$||T(f,g)||_{r}\leq C||f||_{p}||g||_{q}$ .
To prove this we prepare some lemmas.
Let $(M_{\gamma}f\mathrm{X}\xi)=|\xi||.\gamma\hat{f}(\xi)$ . Then, the distributional kernel $K_{\gamma}(x)$ of $M_{\gamma}$ is given by
$K_{\gamma}(x)=c_{\gamma}|x|^{-1-1\gamma}.$ , $c_{\gamma}=. \frac{2^{1\gamma}\Gamma(\frac{1}{2}+\dot{|}\Delta)2}{\pi\tau\Gamma(-_{2}1\dot{|}\Delta)}$, $|c_{\gamma}|\sim\sqrt{\frac{|\gamma|}{2\pi}}$ as $|\gamma|arrow\infty$ .













$I_{1} \leq C(\int_{A}v(\gamma)d\gamma)^{1}\tau|y|\int_{2|y|}^{\infty}\frac{1}{r^{2}}dr\leq C(\int_{A}v(\gamma)d\gamma)^{\frac{1}{2}}$.
As for $I_{2}$ ,
$I_{2}=C \sum_{l=1}^{\infty}\int_{2^{l}|y|\leq|x|\leq 2^{l+1}|y|}(\int_{A}(\frac{\min(1,\underline{|}\gamma y1)\mathrm{F}}{|x|})^{2}v(\gamma)d\gamma)^{1}\mathrm{z}dx$
$\leq C\sum_{l=1}^{\infty}(\int_{2^{l}|y|\leq|x|\leq 2^{l+1}|y|}\int_{A}(\frac{\min(1,|\gamma y|)\Pi x}{|x|})^{2}v(\gamma)d\gamma dx)^{1}\mathrm{z}(\int_{2^{l}|y|\leq|x|\leq 2^{\mathrm{t}+1}|y|}dx)^{1}\mathrm{F}$
$\leq C\sum_{l=1}^{\infty}(2^{l+1}|y|)^{1/2}(\int_{A}[\int_{2^{l}|y|\leq|x|\leq 2^{l+1}|y|}(\frac{\min(1,|\gamma y|)\Pi x}{|x|})^{2}dx]v(\gamma)d\gamma)^{\frac{1}{2}}$
$\leq C\sum_{l=1}^{\infty}(2^{l+1}|y|)^{1/2}(\int_{A}[(\frac{\min(1,\frac{|\gamma y|}{2|y|})}{2^{l}|y|})^{2}2^{l}|y|]v(\gamma)d\gamma)^{\frac{1}{2}}$
$\leq C\sum_{l=1}^{\infty}(\int_{A}\min(1,\gamma^{2}2^{-2l})v(\gamma)d\gamma)^{1/2}$





Taking $v(\gamma)=(1+\sqrt{|\gamma|})^{2}/(1+\gamma^{2})$ in Lemma 1, we have
Lemma 2. Let $b(\gamma)\in L^{\infty}(\mathbb{R}),$ $A0=\{|\gamma|<1\}$ and $A_{j}=\{2^{j}\leq|\gamma|<2^{j+1}\}(j=1,2, \ldots)$ .
Let $K_{\gamma}(x)$ be the distributional kernel of $M_{\gamma}$ , where $(M_{\gamma}f)(\xi)=|\xi|^{i\gamma}\hat{f}(\xi)$ . Then, there
exists $C>\mathrm{O}$ sttch that
$\int_{|x|\geq 2|y|}(\int_{A_{j}}|K_{\gamma}(x)-K_{\gamma}(x-y)|^{2}\frac{|b(\gamma)|}{1+\gamma^{2}}d\gamma)^{1}\pi dx\leq Cj^{3/2}$ , $j=0,1,2,$ $\ldots$ .
Lemma 3. Let $(M_{\gamma}f)(\xi)=|\xi|^{i\gamma}\hat{f}(\xi),$ $b(\gamma)\in L^{\infty}(\mathbb{R}),$ and
$T(f,g)(x)= \int_{-\infty}^{\infty}M_{\gamma}f(x)M$- g(x)b(\gamma ) $\frac{d\gamma}{1+\gamma^{2}}$ .
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Then, for $1<p,$ $q<\mathrm{o}\mathrm{o}$ , and $7^{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}- \mathrm{f}\ovalbox{\tt\small REJECT}$ there $es\ovalbox{\tt\small REJECT} istSC>\mathrm{O}$ sttch that$\ovalbox{\tt\small REJECT} r$ $p$ $q$ ’
$||T(f,g)||_{r}\leq C||f||_{p}||g||_{q}$ .
Proof. In the case $1\leq r<\infty$ , one can easily show the above by using Minkowski’s
inequality. We treat the case $1/2<r<1$ . We treat first the case $1<p,$ $q\leq 2$ . Let






$( \cdot.\cdot 1=\frac{r}{p}+\frac{r}{q})$ .
Now,
$||( \int_{A_{j}}|M_{\gamma}f(x)|^{2}|u(\gamma)|d\gamma)^{1/2}||_{2}=c_{n}(\int_{A_{j}}|u(\gamma)|d\gamma)^{1/2}||f||_{2}=C2^{-j/2}||f||_{2}$ .
So, sinoe $\frac{1}{p}=(1-(2-\frac{2}{p}))+-_{2}2\frac{2}{\overline{A}}$ , by Lemma 2and aresult of H\"ormander ( $M_{\gamma}$ is an
$L^{2}(A_{j}, |u(\gamma)|d\gamma)$ -valued singular integral),
$||( \int_{A_{\mathrm{j}}}|M_{\gamma}f(x)|^{2}|u(\gamma)|d\gamma)^{1/2}||_{p}\leq C(j^{3/2}+2^{-2j/2})^{\frac{2}{p}-1}(2^{-j/2})^{2-\frac{2}{p}}\leq Cj^{\frac{3}{p}-_{f}^{3}}2^{-j(1-\frac{1}{p})}||f||_{p}$.
Simikrly we have
$||( \int_{A_{\mathrm{j}}}|M_{-\gamma}g(x)|^{2}|u(\gamma)|d\gamma)^{1/2}||_{q}\leq Cj^{\frac{3}{q}-\tau}2^{-j(1-\frac{1}{q})}||g||_{q}3$.




Next, we treat the case $l<p\ovalbox{\tt\small REJECT} 2,2\ovalbox{\tt\small REJECT} q$ or 2 $\ovalbox{\tt\small REJECT} p,$ $1<q\ovalbox{\tt\small REJECT} 2$ . We may assume $1<\mathrm{p}\ovalbox{\tt\small REJECT} 2$ ,
2 $\ovalbox{\tt\small REJECT} q$ . For $1<p\ovalbox{\tt\small REJECT} 2$ , we can use
$||( \int_{A_{\mathrm{j}}}|M_{\gamma}f(x)|^{2}|u(\gamma)|d\gamma)^{1/2}||_{p}\leq Cj^{\frac{3}{p}-_{l}^{3}}2^{-j(1-\frac{1}{p})}||f||_{p}$.
For $q\geq 2$ , we have by duality
$||( \int_{A_{j}}|M_{-\gamma}g(x)|^{2}|u(\gamma)|d\gamma)^{1/2}||_{q}\leq Cj(1-\frac{1}{q})^{3}-\pi 2^{q}-i|3|g||_{q}\leq Cj^{3}\tau^{-\frac{3}{q}}2^{-_{q}}||g||_{q}\dot{Z}$.
Since 1– $\frac{1}{p}>0$ , we have
$\int_{\mathrm{R}}|T(f,g)(x)|^{r}dx\leq C\sum_{j=0}^{\infty}(j^{\frac{3}{p}-_{2}^{3}}2^{-j(1-\frac{1}{p})^{3}-\angle}j^{2^{-\frac{3}{q}}}2^{q}.)^{r}||f||_{p}^{r}||g||_{q}^{r}$
$\leq C\sum_{j=0}^{\infty}j^{3r(\frac{1}{p}-\frac{1}{q})}2^{-jr(1-\frac{1}{p}+\frac{1}{q})}||f||_{p}^{r}||g||_{q}^{r}\leq C||f||_{p}^{r}||g||_{q}^{r}$ .
Proof of Theorem 1. Let $\sigma_{1}(\xi, \alpha)$ be a $C^{\infty}$ homogeneous function of degree zero in $\mathbb{R}^{2}\backslash$
$\{(0,0)\}$ such that $\sigma_{1}(\pm 1,0)=\sigma(\pm 1,0)$ and $\sigma_{1}(0, \pm 1)=\sigma(0, \pm 1)$ . Let $T_{1}$ be the bilinear
Fourier multiplier defined by
$T_{1}(f, g)(x)= \frac{1}{(2\pi)^{2}}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}e^{ix(\xi+\alpha)}\sigma_{1}(\xi, \alpha)\hat{f}(\xi)\hat{g}(\alpha)d\xi d\alpha$.
Then, by atheorem of Grafakos and Torres, the conclusion of Theorem 1holds for this
bilinear operator $T_{1}$ . Hence, to prove Theorem 1, we may assume $\sigma(\pm 1,0\rangle\Rightarrow\sigma(0, \pm 1)=0$.
Thus, as in the proof of Theorem 4.1 in Yabuta [15, pp. 552-553], there exist four bounded
function $b_{j}(\gamma)(j=1,2,3,4)$ such that
$T(f, g)(x)= \int_{-\infty}^{\infty}M_{\gamma}f(.x)M_{-\gamma}g(x)b_{1}(\gamma)\frac{d\gamma}{1+\gamma^{2}}+\int_{-\infty}^{\infty}M_{\gamma}Hf(x)M_{-\gamma}g(x)b_{2}(\gamma)\frac{d\gamma}{1+\gamma^{2}}$
$+ \int_{-\infty}^{\infty}M_{\gamma}f(x)M_{-\gamma}Hg(x)b_{3}(\gamma)\frac{d\gamma}{1+\gamma^{2}}.+\int_{-\infty}^{\infty}M_{\gamma}Hf(x)M_{-\gamma}Hg(x)b_{4}(\gamma)\frac{d\gamma}{1+\gamma^{2}}$ ,
where $H$ is the Hilbert transform, defined by. $(Hf)( \xi)=\frac{\xi}{|\xi|}\hat{f}(\xi)$ . Using the 7-b0undedness
of the Hilbert transform and Lemma 3, we get the desired conclusion. $\square$
Remark 1. It was my misunderstanding that Icould prove the assertion in Remark 1in
Yabuta [15, p. 553]. It is still an open problem whether Theorem 1holds for $0<p,$ $q<\infty$
( $L^{p}$ replaced by $H^{p}$), even in the case $\sigma(\pm 1,0)=\sigma$ ( $0$ , il).
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